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THE HAMILTON-JACOBI EQUATION ON LIE AFFGEBROIDS
J.C. MARRERO AND D. SOSA
Abstract. The Hamilton-Jacobi equation for a Hamiltonian section on a Lie affgebroid is
introduced and some examples are discussed.
1. Introduction
Recently, in [7] (see also [9]) the authors developed a Hamiltonian description of Mechanics
on Lie algebroids. If τE : E → M is a Lie algebroid on M then, in this description, the
role of the cotangent bundle of the configuration manifold is played by the E-tangent bundle
T EE∗ to E∗ (the prolongation of E over τ∗E : E
∗ → M in the terminology of [7]). One
may construct the canonical symplectic 2-section associated with the Lie algebroid E as a
closed non-degenerate section ΩE of the vector bundle ∧
2(T EE∗)∗ → E∗. Then, given a
Hamiltonian function H : E∗ → R, the Hamiltonian section associated with H is the section ξH
of T EE∗ → E∗ characterized by the equation iξHΩE = d
T EE∗H , dT
EE∗ being the differential
of the Lie algebroid T EE∗ → E∗. The integral sections of ξH are the solutions of the Hamilton
equations for H . In fact, these solutions are just the integral curves of the Hamiltonian vector
field of H with respect to the linear Poisson structure on E∗ associated with the Lie algebroid
E.
Using the canonical symplectic section ΩE , one may also give a description of the Hamilto-
nian Mechanics on the Lie algebroid E in terms of Lagrangian submanifolds of symplectic Lie
algebroids (see [7]). An alternative approach, using the linear Poisson structure on E∗ and the
canonical isomorphism between T ∗E and T ∗E∗ was discussed in [4].
In [7], the authors also introduced the Hamilton-Jacobi equation for a Hamiltonian function
H : E∗ → R and they proved that knowing one solution of the Hamilton-Jacobi equation
simplifies the search of trajectories for the corresponding Hamiltonian vector field.
On the other hand, in [2, 11] a possible generalization of the notion of a Lie algebroid to affine
bundles is introduced in order to create a geometric model which provides a natural framework
for a time-dependent version of Lagrange equations on Lie algebroids (see also [3, 10, 12]). The
resultant objects are called Lie affgebroid structures (in the terminology of [2]). If τA : A→M
is an affine bundle modelled on the vector bundle τV : V → M , τA+ : A
+ = Aff(A,R) → M
is the dual bundle to A and A˜ = (A+)∗ is the bidual bundle, then a Lie affgebroid structure
on A is equivalent to a Lie algebroid structure on A˜ such that the distinguished section 1A
of τA+ : A
+ → M (corresponding to the constant function 1 on A) is a 1-cocycle in the Lie
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algebroid cohomology complex of A˜. Now, if h : V ∗ → A+ is a Hamiltonian section (that is, h
is a section of the canonical projection µ : A+ → V ∗) then one may construct a cosymplectic
structure (Ωh, η) on the prolongation of A˜ over the fibration τ
∗
V : V
∗ → M and one may
consider the Reeb section Rh of (Ωh, η). The integral sections of Rh are just the solutions of
the Hamilton equations for h (see [6, 10]). Alternatively, one may prove that the solutions of
the Hamilton equations for h are the integral curves of the Hamiltonian vector field of h on
V ∗ with respect to the canonical aff-Poisson structure on the line affine bundle µ : A+ → V ∗
(see [6]). Aff-Poisson structures on line affine bundles were introduced in [2] (see also [3]) as
the affine analogs of Poisson structures. The existence of an aff-Poisson structure on the affine
bundle µ : A+ → V ∗ is a consequence of some general results proved in [3].
The aim of this paper is to introduce the Hamilton-Jacobi equation for a Hamiltonian section
h and, then, to prove that knowing one solution of the Hamilton-Jacobi equation simplifies the
search of trajectories for the corresponding Hamiltonian section (see Theorem 4.1).
The paper is organized as follows. In Section 2, we recall some definitions and results about
Lie algebroids and Lie affgebroids which will be used in the rest of the paper. The Hamiltonian
formalism on Lie affgebroids is developed in Section 3. The Hamilton-Jacobi equation for a
Hamiltonian section on a Lie affgebroid A is introduced in Section 4 and, then, we prove the
main result of the paper (see Theorem 4.1). Some examples are discussed in the last section
(Section 5). In particular, if A is a Lie algebroid then we recover the Hamilton-Jacobi equation
considered in [7] (see Example 5.1). When A is the 1-jet bundle of local sections of a trivial
fibration τ : R×P → R then the Hamiltonian section h may be considered as a time-dependent
Hamiltonian function H : R × T ∗P → R and the resultant equation is just the classical time-
dependent Hamilton-Jacobi equation (see Example 5.2). Finally, we obtain some results about
the Hamilton-Jacobi equation on the so-called Atiyah affgebroid associated with a principal
G-bundle p : Q→M and a fibration ν :M → R (see Example 5.3).
2. Lie algebroids and Lie affgebroids
2.1. Lie algebroids. Let E be a vector bundle of rank n over the manifold M of dimension
m and τE : E → M be the vector bundle projection. Denote by Γ(τE) the C
∞(M)-module
of sections of τE : E → M . A Lie algebroid structure ([[·, ·]]E , ρE) on E is a Lie bracket [[·, ·]]E
on the space Γ(τE) and a bundle map ρE : E → TM , called the anchor map, such that if we
also denote by ρE : Γ(τE) → X(M) the homomorphism of C
∞(M)-modules induced by the
anchor map then [[X, fY ]]E = f [[X,Y ]]E + ρE(X)(f)Y, for X,Y ∈ Γ(τE) and f ∈ C
∞(M).
The triple (E, [[·, ·]]E , ρE) is called a Lie algebroid over M (see [8]). In such a case, the anchor
map ρE : Γ(τE) → X(M) is a homomorphism between the Lie algebras (Γ(τE), [[·, ·]]E) and
(X(M), [·, ·]).
If (E, [[·, ·]]E , ρE) is a Lie algebroid, one may define a cohomology operator which is called the
differential of E, dE : Γ(∧kτ∗E) −→ Γ(∧
k+1τ∗E), as follows
(2.1)
(dEµ)(X0, . . . , Xk) =
k∑
i=0
(−1)iρE(Xi)(µ(X0, . . . , X̂i, . . . , Xk))
+
∑
i<j
(−1)i+jµ([[Xi, Xj]]E , X0, . . . , X̂i, . . . , X̂j , . . . , Xk),
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for µ ∈ Γ(∧kτ∗E) and X0, . . . , Xk ∈ Γ(τE). Moreover, if X ∈ Γ(τE), one may introduce, in a
natural way, the Lie derivate with respect to X , as the operator LEX : Γ(∧
kτ∗E) −→ Γ(∧
kτ∗E)
given by LEX = iX ◦ d
E + dE ◦ iX .
If E is the standard Lie algebroid TM then the differential dE = dTM is the usual exterior
differential associated with M , which we will denote by d0.
If we take local coordinates (xi) on M and a local basis {eα} of sections of E, then we have the
corresponding local coordinates (xi, yα) on E, where yα(a) is the α-th coordinate of a ∈ E in
the given basis. Such coordinates determine local functions ρiα, C
γ
αβ on M which contain the
local information of the Lie algebroid structure, and accordingly they are called the structure
functions of the Lie algebroid. They are given by
ρE(eα) = ρ
i
α
∂
∂xi
and [[eα, eβ ]]E = C
γ
αβeγ .
If f ∈ C∞(M), we have that
dEf =
∂f
∂xi
ρiαe
α,
where {eα} is the dual basis of {eα}. On the other hand, if θ ∈ Γ(τ
∗
E) and θ = θγe
γ it follows
that
dEθ = (
∂θγ
∂xi
ρiβ −
1
2
θαC
α
βγ)e
β ∧ eγ .
For a Lie algebroid (E, [[·, ·]]E , ρE) over M we may consider the generalized distribution F
E on
M whose characteristic space at point x ∈ M is given by FE(x) = ρE(Ex), where Ex is the
fibre of E over x. The distribution FE is finitely generated and involutive. Thus, FE defines a
generalized foliation on M in the sense of Sussmann [14]. FE is the Lie algebroid foliation on
M associated with E.
Note that if f ∈ C∞(M) then dEf = 0 if and only if f is constant on the leaves of FE .
Now, suppose that (E, [[·, ·]]E , ρE) and (E
′, [[·, ·]]E′ , ρE′) are Lie algebroids over M and M
′,
respectively, and that F : E → E′ is a vector bundle morphism over the map f : M → M ′.
Then (F, f) is said to be a Lie algebroid morphism if
dE((F, f)∗φ′) = (F, f)∗(dE
′
φ′), for φ′ ∈ Γ(∧k(τE′)
∗) and for all k.
Note that (F, f)∗φ′ is the section of the vector bundle ∧kE∗ →M defined by
((F, f)∗φ′)x(a1, . . . , ak) = φ
′
f(x)(F (a1), . . . , F (ak)),
for x ∈ M and a1, . . . , ak ∈ Ex. If (F, f) is a Lie algebroid morphism, f is an injective
immersion and F|Ex : Ex → E
′
f(x) is injective, for all x ∈ M , then (E, [[·, ·]]E , ρE) is said to be
a Lie subalgebroid of (E′, [[·, ·]]E′ , ρE′).
2.1.1. The prolongation of a Lie algebroid over a fibration. In this section, we will recall the
definition of the Lie algebroid structure on the prolongation of a Lie algebroid over a fibration
(see [5, 7]).
Let (E, [[·, ·]]E , ρE) be a Lie algebroid of rank n over a manifold M of dimension m with vector
bundle projection τE : E →M and π :M
′ →M be a fibration.
We consider the subset T EM ′ of E × TM ′ and the map τpiE : T
EM ′ →M ′ defined by
T EM ′ = {(b, v′) ∈ E × TM ′/ρE(b) = (Tπ)(v
′)}, τpiE(b, v
′) = πM ′(v
′),
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where Tπ : TM ′ → TM is the tangent map to π and πM ′ : TM
′ → M ′ is the canonical
projection. Then, τpiE : T
EM ′ →M ′ is a vector bundle over M ′ of rank n+dimM ′ −m which
admits a Lie algebroid structure ([[·, ·]]piE , ρ
pi
E) characterized by
[[(X ◦ π, U ′), (Y ◦ π, V ′)]]piE = ([[X,Y ]]E ◦ π, [U
′, V ′]), ρpiE(X ◦ π, U
′) = U ′,
for all X,Y ∈ Γ(τE) and U
′, V ′ vector fields which are π-projectable to ρE(X) and ρE(Y ), res-
pectively. (T EM ′, [[·, ·]]piE , ρ
pi
E) is called the prolongation of the Lie algebroid E over the fibration
π or the E-tangent bundle to M ′ (for more details, see [5, 7]).
Next, we consider a particular case of the above construction. Let E be a Lie algebroid over a
manifoldM with vector bundle projection τE : E →M and T
EE∗ be the prolongation of E over
the projection τ∗E : E
∗ → M . T EE∗ is a Lie algebroid over E∗ and we can define a canonical
section λE of the vector bundle (T
EE∗)∗ → E∗ as follows. If a∗ ∈ E∗ and (b, v) ∈ (T EE∗)a∗
then
(2.2) λE(a
∗)(b, v) = a∗(b).
λE is called the Liouville section associated with the Lie algebroid E.
Now, one may consider the nondegenerate 2-section ΩE = −d
T EE∗λE of T
EE∗ → E∗. It is
clear that dT
EE∗ΩE = 0. In other words, ΩE is a symplectic section. ΩE is called the canonical
symplectic section associated with the Lie algebroid E.
Suppose that (xi) are local coordinates on an open subset U of M and that {eα} is a local
basis of sections of the vector bundle τ−1E (U) → U as above. Then, {e˜α, e¯α} is a local basis of
sections of the vector bundle (τ
τ∗E
E )
−1((τ∗E)
−1(U)) → (τ∗E)
−1(U), where τ
τ∗E
E : T
EE∗ → E∗ is
the vector bundle projection and
e˜α(a
∗) = (eα(τ
∗
E(a
∗)), ρiα
∂
∂xi |a∗
), e¯α(a
∗) = (0,
∂
∂yα |a∗
).
Here, (xi, yα) are the local coordinates on E
∗ induced by the local coordinates (xi) and the
dual basis {eα} of {eα}. Moreover, we have that
[[e˜α, e˜β]]
τ∗E
E = C
γ
αβ e˜γ , [[e˜α, e¯β]]
τ∗E
E = [[e¯α, e¯β]]
τ∗E
E = 0, ρ
τ∗E
E (e˜α)= ρ
i
α
∂
∂xi
, ρ
τ∗E
E (e¯α)=
∂
∂yα
,
and
(2.3) λE(x
i, yα) = yαe˜
α, ΩE(x
i, yα) = e˜
α ∧ e¯α +
1
2
Cγαβyγ e˜
α ∧ e˜β,
(for more details, see [7, 9]).
2.2. Lie affgebroids. Let τA : A → M be an affine bundle with associated vector bundle
τV : V →M . Denote by τA+ : A
+ = Aff(A,R)→M the dual bundle whose fibre over x ∈M
consists of affine functions on the fibre Ax. Note that this bundle has a distinguished section
1A ∈ Γ(τA+) corresponding to the constant function 1 on A. We also consider the bidual bundle
τA˜ : A˜→M whose fibre at x ∈M is the vector space A˜x = (A
+
x )
∗. Then, A may be identified
with an affine subbundle of A˜ via the inclusion iA : A → A˜ given by iA(a)(ϕ) = ϕ(a), which
is injective affine map whose associated linear map is denoted by iV : V → A˜. Thus, V may
be identified with a vector subbundle of A˜. Using these facts, one can prove that there is a
one-to-one correspondence between affine functions on A and linear functions on A˜. On the
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other hand, there is an obvious one-to-one correspondence between affine functions on A and
sections of A+.
A Lie affgebroid structure on A consists of a Lie algebra structure [[·, ·]]V on the space Γ(τV ) of
the sections of τV : V →M , a R-linear action D : Γ(τA)× Γ(τV )→ Γ(τV ) of the sections of A
on Γ(τV ) and an affine map ρA : A→ TM , the anchor map, satisfying the following conditions:
• DX [[Y¯ , Z¯]]V = [[DX Y¯ , Z¯]]V + [[Y¯ , DXZ¯]]V ,
• DX+Y¯ Z¯ = DX Z¯ + [[Y¯ , Z¯]]V ,
• DX(fY¯ ) = fDX Y¯ + ρA(X)(f)Y¯ ,
for X ∈ Γ(τA), Y¯ , Z¯ ∈ Γ(τV ) and f ∈ C
∞(M) (see [2, 11]).
If ([[·, ·]]V , D, ρA) is a Lie affgebroid structure on an affine bundle A then (V, [[·, ·]]V , ρV ) is a Lie
algebroid, where ρV : V → TM is the vector bundle map associated with the affine morphism
ρA : A→ TM .
A Lie affgebroid structure on an affine bundle τA : A → M induces a Lie algebroid structure
([[·, ·]]A˜, ρA˜) on the bidual bundle A˜ such that 1A ∈ Γ(τA+) is a 1-cocycle in the corresponding
Lie algebroid cohomology, that is, dA˜1A = 0. Indeed, if X0 ∈ Γ(τA) then for every section X˜
of A˜ there exists a unique function f ∈ C∞(M) and a unique section X¯ ∈ Γ(τV ) such that
X˜ = fX0 + X¯ and
ρA˜(fX0 + X¯) = fρA(X0) + ρV (X¯),
[[fX0 + X¯, gX0 + Y¯ ]]A˜ = (ρV (X¯)(g)− ρV (Y¯ )(f) + fρA(X0)(g)
−gρA(X0)(f))X0 + [[X¯, Y¯ ]]V + fDX0 Y¯ − gDX0X¯.
Conversely, let (U, [[·, ·]]U , ρU ) be a Lie algebroid over M and φ : U → R be a 1-cocycle of
(U, [[·, ·]]U , ρU ) such that φ|Ux 6= 0, for all x ∈ M . Then, A = φ
−1{1} is an affine bundle over
M which admits a Lie affgebroid structure in such a way that (U, [[·, ·]]U , ρU ) may be identified
with the bidual Lie algebroid (A˜, [[·, ·]]A˜, ρA˜) to A and, under this identification, the 1-cocycle
1A : A˜ → R is just φ. The affine bundle τA : A → M is modelled on the vector bundle
τV : V = φ
−1{0} → M . In fact, if iV : V → U and iA : A → U are the canonical inclusions,
then
iV ◦ [[X¯, Y¯ ]]V = [[iV ◦ X¯, iV ◦ Y¯ ]]U , iV ◦DX Y¯ = [[iA ◦X, iV ◦ Y¯ ]]U ,
ρA(X) = ρU (iA ◦X),
for X¯, Y¯ ∈ Γ(τV ) and X ∈ Γ(τA) (for more details, see [2, 11]).
A trivial example of a Lie affgebroid may be constructed as follows. Let τ :M → R be a fibration
and τ1,0 : J
1τ → M be the 1-jet bundle of local sections of τ : M → R. It is well known that
τ1,0 : J
1τ → M is an affine bundle modelled on the vector bundle π = (πM )|V τ : V τ → M ,
where V τ is the vertical bundle of τ :M → R. Moreover, if t is the usual coordinate on R and
η is the closed 1-form on M given by η = τ∗(dt) then we have the following identification
J1τ ∼= {v ∈ TM/η(v) = 1}
(see, for instance, [13]). Note that V τ = {v ∈ TM/η(v) = 0}. Thus, the bidual bundle J˜1τ to
the affine bundle τ1,0 : J
1τ → M may be identified with the tangent bundle TM to M and,
under this identification, the Lie algebroid structure on πM : TM → M is the standard Lie
algebroid structure and the 1-cocycle 1J1τ on πM : TM →M is just the closed 1-form η.
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3. Hamiltonian formalism on Lie affgebroids
3.1. A cosymplectic structure on T A˜V ∗. Suppose that (τA : A→M, τV : V →M, ([[·, ·]]V ,
D, ρA)) is a Lie affgebroid and let (T
A˜V ∗, [[·, ·]]
τ∗V
A˜
, ρ
τ∗V
A˜
) be the prolongation of the bidual Lie
algebroid (A˜, [[·, ·]]A˜, ρA˜) over the fibration τ
∗
V : V
∗ → M . In this section, we are going to
construct a cosymplectic structure on T A˜V ∗ using the canonical symplectic section associated
with the Lie algebroid A˜ and a Hamiltonian section (this construction was done in [6]).
Let (xi) be local coordinates on an open subset U ofM and {e0, eα} be a local basis of sections of
the vector bundle τ−1
A˜
(U)→ U adapted to the 1-cocycle 1A (that is, 1A(e0) = 1 and 1A(eα) = 0,
for all α) and such that
(3.1) [[e0, eα]]A˜ = C
γ
0αeγ , [[eα, eβ ]]A˜ = C
γ
αβeγ , ρA˜(e0) = ρ
i
0
∂
∂xi
, ρA˜(eα) = ρ
i
α
∂
∂xi
.
Denote by (xi, y0, yα) the corresponding local coordinates on A˜ and by (xi, y0, yα) the dual
coordinates on the dual vector bundle τA+ : A
+ →M to A˜. Then, (xi, yα) are local coordinates
on V ∗ and {e˜0, e˜α, e¯α} is a local basis of sections of the vector bundle τ
τ∗V
A˜
: T A˜V ∗ → V ∗, where
(3.2) e˜0(ψ) = (e0(τ
∗
V (ψ)), ρ
i
0
∂
∂xi |ψ
), e˜α(ψ) = (eα(τ
∗
V (ψ)), ρ
i
α
∂
∂xi |ψ
), e¯α(ψ) = (0,
∂
∂yα |ψ
).
Using this local basis one may introduce local coordinates (xi, yα; z
0, zα, vα) on T
A˜V ∗. A direct
computation proves that
ρ
τ∗V
A˜
(e˜0) = ρ
i
0
∂
∂xi
, ρ
τ∗V
A˜
(e˜α) = ρ
i
α
∂
∂xi
, ρ
τ∗V
A˜
(e¯α) =
∂
∂yα
,
[[e˜0, e˜β ]]
τ∗V
A˜
= Cγ0β e˜γ , [[e˜α, e˜β ]]
τ∗V
A˜
= Cγαβ e˜γ ,
[[e˜0, e¯α]]
τ∗V
A˜
= [[e˜α, e¯β ]]
τ∗V
A˜
= [[e¯α, e¯β]]
τ∗V
A˜
= 0,
for all α and β. Thus, if {e˜0, e˜α, e¯α} is the dual basis of {e˜0, e˜α, e¯α} then
(3.3)
dT
A˜V ∗f = ρi0
∂f
∂xi
e˜0 + ρiα
∂f
∂xi
e˜α +
∂f
∂yα
e¯α,
dT
A˜V ∗ e˜γ = −
1
2
Cγ0αe˜
0 ∧ e˜α −
1
2
Cγαβ e˜
α ∧ e˜β , dT
A˜V ∗ e˜0 = dT
A˜V ∗ e¯γ = 0,
for f ∈ C∞(V ∗).
Let µ : A+ → V ∗ be the canonical projection given by µ(ϕ) = ϕl, for ϕ ∈ A+x , with x ∈ M ,
where ϕl ∈ V ∗x is the linear map associated with the affine map ϕ and h : V
∗ → A+ be a
Hamiltonian section of µ, that is, µ ◦ h = Id.
Now, we consider the Lie algebroid prolongation T A˜A+ of the Lie algebroid A˜ over τA+ :
A+ → M with vector bundle projection τ
τA+
A˜
: T A˜A+ → A+ (see Section 2.1.1). Then, we
may introduce the map T h : T A˜V ∗ → T A˜A+ defined by T h(a˜, Xα) = (a˜, (Tαh)(Xα)), for
(a˜, Xα) ∈ (T A˜V
∗)α, with α ∈ V
∗. It is easy to prove that the pair (T h, h) is a Lie algebroid
morphism between the Lie algebroids τ
τ∗V
A˜
: T A˜V ∗ → V ∗ and τ
τ
A+
A˜
: T A˜A+ → A+.
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Next, denote by λh and Ωh the sections of the vector bundles (T A˜V
∗)∗ → V ∗ and Λ2(T A˜V ∗)∗ →
V ∗ given by
(3.4) λh = (T h, h)
∗(λA˜), Ωh = (T h, h)
∗(ΩA˜),
where λA˜ and ΩA˜ are the Liouville section and the canonical symplectic section, respectively,
associated with the Lie algebroid A˜. Note that Ωh = −d
T A˜V ∗λh.
On the other hand, let η : T A˜V ∗ → R be the section of (T A˜V ∗)∗ → V ∗ defined by
(3.5) η(a˜, Xα) = 1A(a˜),
for (a˜, Xα) ∈ (T
A˜V ∗)α, with α ∈ V
∗. Note that if pr1 : T
A˜V ∗ → A˜ is the canonical projection
on the first factor then (pr1, τ
∗
V ) is a morphism between the Lie algebroids τ
τ∗V
A˜
: T A˜V ∗ → V ∗
and τA˜ : A˜ → M and (pr1, τ
∗
V )
∗(1A) = η. Thus, since 1A is a 1-cocycle of τA˜ : A˜ → M , we
deduce that η is a 1-cocycle of the Lie algebroid τ
τ∗V
A˜
: T A˜V ∗ → V ∗.
Suppose that h(xi, yα) = (x
i,−H(xj , yβ), yα). Then η = e˜
0 and, from (2.3), (3.4) and the
definition of the map T h, it follows that
(3.6) Ωh = e˜
γ ∧ e¯γ +
1
2
Cαγβyαe˜
γ ∧ e˜β + (ρiγ
∂H
∂xi
− Cα0γyα)e˜
γ ∧ e˜0 +
∂H
∂yγ
e¯γ ∧ e˜0.
Thus, it is easy to prove that the pair (Ωh, η) is a cosymplectic structure on the Lie algebroid
τ
τ∗V
A˜
: T A˜V ∗ → V ∗, that is,
{η ∧ Ωh ∧ . . .
(n · · · ∧Ωh}(α) 6= 0, for all α ∈ V
∗,
dT
A˜V ∗η = 0, dT
A˜V ∗Ωh = 0.
Remark 3.1. Let T V V ∗ be the prolongation of the Lie algebroid V over the projection τ∗V :
V ∗ → M . Denote by λV and ΩV the Liouville section and the canonical symplectic section,
respectively, of V and by (iV , Id) : T
V V ∗ → T A˜V ∗ the canonical inclusion. Then, using (2.2),
(3.4), (3.5) and the fact that µ ◦ h = Id, we obtain that
(iV , Id)
∗(λh) = λV , (iV , Id)
∗(η) = 0.
Thus, since (iV , Id) is a Lie algebroid morphism over the identity of V
∗, we also deduce that
(iV , Id)
∗(Ωh) = ΩV .
♦
Now, given a section γ of the dual bundle V ∗ to V , we can consider the morphism (T γ, γ)
between the vector bundles τA˜ : A˜→M and τ
τ∗V
A˜
: T A˜V ∗ → V ∗
M
γ
✲ V ∗
τA˜
❄
τ
τ∗V
A˜
❄
A˜
T γ
✲
T A˜V ∗
defined by T γ(a˜) = (a˜, (Txγ)(ρA˜(a˜))), for a˜ ∈ A˜x and x ∈M .
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Theorem 3.2. If γ is a section of the vector bundle τ∗V : V
∗ → M then the pair (T γ, γ) is a
morphism between the Lie algebroids (A˜, [[·, ·]]A˜, ρA˜) and (T
A˜V ∗, [[·, ·]]
τ∗V
A˜
, ρ
τ∗V
A˜
). Moreover,
(T γ, γ)∗λh = h ◦ γ, (T γ, γ)
∗(Ωh) = −d
A˜(h ◦ γ).
Proof. Suppose that (xi) are local coordinates on M , that {e0, eα} is a local basis of Γ(τA˜)
adapted to 1A and that
γ = γαe
α,
with γα local real functions onM and {e
0, eα} the dual basis to {e0, eα}. Denote by {e˜0, e˜α, e¯α}
the corresponding local basis of Γ(τ
τ∗V
A˜
). Then, using (3.2), it follows that
T γ ◦ e0 = (e˜0 + ρ
i
0
∂γν
∂xi
e¯ν) ◦ γ, T γ ◦ eα = (e˜α + ρ
i
α
∂γν
∂xi
e¯ν) ◦ γ,
for α ∈ {1, . . . , n}, ρi0, ρ
i
α being the components of the anchor map of A˜ with respect to the
local coordinates (xi) and to the basis {e0, eα}. Thus,
(T γ, γ)∗(e˜0) = e0, (T γ, γ)∗(e˜α) = eα,
(T γ, γ)∗(e¯α) = ρi0
∂γα
∂xi
e0 + ρiβ
∂γα
∂xi
eβ = dA˜γα,
where {e˜0, e˜α, e¯α} is the dual basis to {e˜0, e˜α, e¯α}.
Therefore, from (2.1), (3.1) and (3.3), we obtain that the pair (T γ, γ) is a morphism between
the Lie algebroids A˜→M and T A˜V ∗ → V ∗.
On the other hand, if x is a point of M and a˜ ∈ A˜x then, using (2.2), we have
((T γ, γ)∗λh)(x)(a˜) = ((T γ, γ)
∗(T h, h)∗λA˜)(x)(a˜) = ((T (h ◦ γ), h ◦ γ)
∗λA˜)(x)(a˜)
= λA˜(h(γ(x)))(a˜, T (h ◦ γ)(ρA˜(a˜))) = (h ◦ γ)(x)(a˜)
that is,
(T γ, γ)∗λh = h ◦ γ.
Consequently, since Ωh = −d
T A˜V ∗λh and (T γ, γ) is a morphism between the Lie algebroids A˜
and T A˜V ∗, we deduce that
(T γ, γ)∗(Ωh) = −d
A˜(h ◦ γ).

3.2. The Hamilton equations on a Lie affgebroid. Let h : V ∗ → A+ be a Hamiltonian
section of µ : A+ → V ∗ and Rh ∈ Γ(τ
τ∗V
A˜
) be the Reeb section of the cosymplectic structure
(Ωh, η) on T
A˜V ∗. Rh is characterized by the following conditions
iRhΩh = 0 and iRhη = 1.
With respect to the basis {e˜0, e˜α, e¯α} of Γ(τ
τ∗V
A˜
), Rh is locally expressed as follows:
Rh = e˜0 +
∂H
∂yα
e˜α − (C
γ
αβyγ
∂H
∂yβ
+ ρiα
∂H
∂xi
− Cγ0αyγ)e¯α.
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Thus, the integral sections of Rh (i.e., the integral curves of the vector field ρ
τ∗V
A˜
(Rh)) satisfy
the following equations
dxi
dt
= ρi0 +
∂H
∂yα
ρiα,
dyα
dt
= −ρiα
∂H
∂xi
+ yγ(C
γ
0α + C
γ
βα
∂H
∂yβ
),
for i ∈ {1, . . . ,m} and α ∈ {1, . . . , n}. These equations are called the Hamilton equations for h
(see [10]) and the section Rh is called the Hamiltonian section associated with h (see [6]).
4. The Hamilton-Jacobi equation on Lie affgebroids
In this section, we will prove the main result of the paper.
Let τA : A → M be an affine bundle with associated vector bundle τV : V → M and suppose
that h : V ∗ → A+ is a section of the canonical projection µ : A+ → V ∗ and that α : M → A+
is a section of the vector bundle τA+ : A
+ →M . Then, h ◦ µ ◦ α :M → A+ is also a section of
the vector bundle τA+ : A
+ →M and there exists a unique real function on M , which we will
denote by f(h, α), such that
(4.1) α− h ◦ µ ◦ α = f(h, α)1A.
Now, we will prove the result announced above.
Theorem 4.1. Let τA : A→M be a Lie affgebroid modelled over the vector bundle τV : V →M
with Lie affgebroid structure ([[·, ·]]V , D, ρA) and (T
A˜V ∗, [[·, ·]]
τ∗V
A˜
, ρ
τ∗V
A˜
) be the prolongation of the
bidual Lie algebroid (A˜, [[·, ·]]A˜, ρA˜) over the fibration τ
∗
V : V
∗ →M . Suppose that h : V ∗ → A+
is a Hamiltonian section of the canonical projection µ : A+ → V ∗ and that Rh ∈ Γ(τ
τ∗V
A˜
) is the
corresponding Hamiltonian section. Let α ∈ Γ(τA+) be a 1-cocycle, d
A˜α = 0, and denote by
Rαh ∈ Γ(τA˜) the section of τA˜ : A˜→M given by R
α
h = pr1 ◦Rh ◦µ◦α, where pr1 : T
A˜V ∗ → A˜ is
the canonical projection over the first factor. Then, the two following conditions are equivalent:
(i) For every integral curve c of the vector field ρA˜(R
α
h), that is, c is a curve on M such
that
(4.2) ρA˜(R
α
h)(c(t)) = c˙(t), for all t,
the curve t→ (µ ◦ α ◦ c)(t) on V ∗ satisfies the Hamilton equations for h.
(ii) α satisfies the Hamilton-Jacobi equation dV (f(h, α)) = 0, that is, f(h, α) is constant
on the leaves of the Lie algebroid foliation of V .
Proof. For a curve c : I = (−ǫ, ǫ) ⊂ R → M on the base we define the curves β : I −→ V ∗
and γ : I −→ A˜ by
β(t) = µ(α(c(t))) and γ(t) = Rαh(c(t)).
Since µ ◦ α and Rαh are sections of τ
∗
V : V
∗ →M and τA˜ : A˜→M , respectively, it follows that
both curves project to c.
We consider the curve v = (γ, β˙) in A˜×TV ∗ and notice the following important facts about v:
• v(t) is in T A˜V ∗, for every t ∈ I, if and only if c satisfies (4.2). Indeed ρA˜◦γ = ρA˜◦R
α
h ◦c
while Tτ∗V ◦ β˙ = c˙.
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• In such a case, β is a solution of the Hamilton equations for h if and only if v(t) =
Rh(β(t)), for every t ∈ I. Indeed, the first components coincide pr1(v(t)) = γ(t) and
pr1(Rh(β(t))) = pr1(Rh(µ(α(c(t))))) = R
α
h(c(t)) = γ(t), and the equality of the second
components is just β˙(t) = ρ
τ∗V
A˜
(Rh(β(t))).
We denote by αµ = µ◦α which is a section of τ
∗
V : V
∗ →M and we also consider the map T αµ :
A˜ → T A˜V ∗ given by T αµ = (Id, T (αµ) ◦ ρA˜). We recall that (T αµ, αµ)
∗Ωh = −dA˜(h ◦ αµ),
because of Theorem 3.2.
[(ii) ⇒ (i)] Assume that c satisfies (4.2), so that v(t) is a curve in T A˜V ∗. We have to prove
that v(t) equals to Rh(β(t)), for every t ∈ I.
The difference d(t) = v(t)−Rh(β(t)) is vertical with respect to the projection pr1 : T
A˜V ∗ → A˜,
that is, pr1(d(t)) = 0, for all t (note that pr1(v(t)) = pr1(Rh(β(t))) = γ(t), for all t). Therefore,
we have that η(d(t)) = 0 and Ωh(β(t)) (d(t), ς(t)) = 0, for every vertical curve t → ς(t) (see
(3.2) and (3.6)).
Let a˜ : I −→ A˜ be any curve on A˜ over c (that is, τA˜ ◦ a˜ = c). We consider its image
under T αµ, i.e., ζ(t) = (T αµ)(a˜(t)) = (a˜(t), T (µ ◦ α)(ρA˜(a˜(t)))). ¿From (4.2), it follows that
v(t) = (T αµ)(γ(t)) is also in the image of T αµ. Thus, using (4.1) and the fact that Rh is the
Reeb section of (Ωh, η), we have that
Ωh(β(t))(d(t), ζ(t)) = Ωh(β(t))(T αµ(γ(t)), T αµ(a˜(t))) = −d
A˜(h ◦ µ ◦ α)(c(t))(γ(t), a˜(t))
= (dA˜(f(h, α)) ∧ 1A)(c(t))(γ(t), a˜(t)).
Now, since dV (f(h, α)) = 0 and the inclusion iV : V → A˜ is a Lie algebroid morphism, we
deduce that dA˜(f(h, α)) ∧ 1A = 0. This implies that
Ωh(β(t))(d(t), ζ(t)) = 0.
Since any element in (T A˜V ∗)αµ(x), with x ∈M , can be obtained as a sum of an element in the
image of T αµ and a vertical, we conclude that Ωh(β(t))(d(t), ν(t)) = Ωh(µ(α(c(t))))(d(t), ν(t)) =
0 for every curve t→ ν(t). Thus, since η(d(t)) = 0, we deduce that d(t) = 0.
[(i) ⇒ (ii)] Suppose that x is a point of M and that b ∈ Vx. We will show that
〈dV (f(h, α)), b〉 = 0.
Let c : I = (−ǫ, ǫ) → M be the integral curve of ρA˜(R
α
h ) such that c(0) = x. It follows that
c satisfies (4.2). Let β = µ ◦ α ◦ c, γ = Rαh ◦ c and v = (γ, β˙) as above. Since β satisfies
the Hamilton equations for h, we have that v(t) = Rh(β(t)) for all t. Now, we take any curve
t → a(t) in V over c such that a(0) = b and denote by t → a˜(t) its inclusion in A˜. Since
v(t) = T αµ(γ(t)) we have that
0 = Ωh(β(t))(Rh(β(t)), T αµ(a˜(t))) = Ωh(β(t))(v(t), T αµ(a˜(t)))
= Ωh(β(t))(T αµ(γ(t)), T αµ(a˜(t))) = −d
A˜(h ◦ µ ◦ α)(c(t))(γ(t), a˜(t))
= (dA˜f(h, α) ∧ 1A)(c(t))(γ(t), a˜(t)).
Thus, using that 1A(c(t))(γ(t)) = 1 (note that η(Rh) = 1) and that 1A(a˜(t)) = 0, we deduce
that
0 = (dV (f(h, α)))(c(t))(a(t)).
In particular, at t = 0, we have that 〈dV (f(h, α)), b〉 = 0. 
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Remark 4.2. Obviously, we can consider as a cocycle α a 1-coboundary α = dA˜S, for some
function S on M . Nevertheless, it should be noticed that on a Lie algebroid there exist, in
general, 1-cocycles that are not locally 1-coboundaries.
5. Examples
5.1. The Hamilton-Jacobi equation on Lie algebroids. Let τE : E → M be a Lie alge-
broid over a manifoldM . Then, τE : E →M is an affine bundle and the Lie algebroid structure
induces a Lie affgebroid structure on τE : E → M . In fact, the dual bundle to E, as an affine
bundle, is the vector bundle τE+ : E
+ = E∗ × R → M , the bidual bundle is the vector bundle
τE˜ : E˜ = E × R → M and the Lie algebroid structure ([[·, ·]]E˜ , ρE˜) on τE˜ : E˜ = E × R → M is
given by
[[(X, f), (Y, g)]]E˜ = ([[X,Y ]]E , ρE(X)(g)− ρE(Y )(f)), ρE˜(X, f) = ρE(X),
for (X, f), (Y, g) ∈ Γ(τE˜)
∼= Γ(τE) × C
∞(M), where ([[·, ·]]E , ρE) is the Lie algebroid structure
on E. The 1-cocycle 1E on E˜ is the section (0, 1) of τE+ : E
+ = E∗ × R→M .
The map µ : E+ = E∗ × R → E∗ is the canonical projection over the first factor and a
Hamiltonian section h : E∗ → E+ = E∗ × R may be identified with a Hamiltonian function H
on E∗ in such a way that
h(βx) = (βx,−H(βx)), for βx ∈ E
∗
x and x ∈M.
Now, if α is a 1-cocycle of τE : E → M then α may be considered as the section (α, 0) of
τE+ : E
+ = E∗ ×R→M and it is clear that (α, 0) is also a 1-cocycle of τE˜ : E˜ = E ×R→M .
In addition, if f(h, α) is the real function on M characterized by
α− h ◦ µ ◦ α = f(h, α)1E ,
it is easy to prove that f(h, α) = H ◦ α. Thus, the equation,
dE(f(h, α)) = 0
is just the Hamilton-Jacobi equation considered in [7].
5.2. The classical Hamilton-Jacobi equation for time-dependent Mechanics. Let τ :
M → R be a fibration and τ1,0 : J
1τ → M be the associated Lie affgebroid modelled on the
vector bundle π = (πM )|V τ : V τ → M . As we know, the bidual vector bundle J˜1τ to the
affine bundle τ1,0 : J
1τ →M may be identified with the tangent bundle TM to M and, under
this identification, the Lie algebroid structure on πM : TM →M is the standard Lie algebroid
structure and the 1-cocycle 1J1τ on πM : TM → M is just the 1-form η = τ
∗(dt), t being
the coordinate on R (see Section 2.2). If (t, qi) are local fibred coordinates on M then { ∂∂qi }
(respectively, { ∂∂t ,
∂
∂qi }) is a local basis of sections of π : V τ → M (respectively, πM : TM →
M). Denote by (t, qi, q˙i) (respectively, (t, qi, t˙, q˙i)) the corresponding local coordinates on V τ
(respectively, TM). Then, the (local) structure functions of TM with respect to this local
trivialization are given by
(5.1) Ckij = 0 and ρ
i
j = δij , for i, j, k ∈ {0, 1, . . . , n}.
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Now, let π∗ : V ∗τ → M be the dual vector bundle to π : V τ →M and (J1τ)+ ∼= T ∗M be the
cotangent bundle to M . Denote by (t, qi, pi) (resp., (t, q
i, pt, pi)) the dual coordinates on V
∗τ
(resp., T ∗M) to (t, qi, q˙i) (resp., (t, qi, t˙, q˙i)). Then, since the anchor map of πM : TM → M
is the identity of TM , it follows that the Lie algebroids πpi
∗
M : T
TM (V ∗τ) → V ∗τ and πV ∗τ :
T (V ∗τ)→ V ∗τ are isomorphic.
Next, let h be a Hamiltonian section, that is, h : V ∗τ → (J1τ)+ ∼= T ∗M is a section of the
canonical projection µ : (J1τ)+ ∼= T ∗M → V ∗τ . h is locally given by
h(t, qi, pi) = (t, q
i,−H(t, qj , pj), pi).
Moreover, the cosymplectic structure (Ωh, η) on the Lie algebroid π
pi∗
M : T
TM (V ∗τ) ∼= T (V ∗τ)→
V ∗τ is, in this case, the standard cosymplectic structure (Ωh, η) on the manifold V
∗τ locally
given by (see (3.6) and (5.1))
Ωh = dq
i ∧ dpi +
∂H
∂qi
dqi ∧ dt+
∂H
∂pi
dpi ∧ dt, η = dt.
Thus, the Reeb section of (Ωh, η) is the vector field Rh on V
∗τ defined by
Rh =
∂
∂t
+
∂H
∂pi
∂
∂qi
−
∂H
∂qi
∂
∂pi
.
It is clear that the integral curves of Rh
t 7→ (t, qi(t), pi(t))
are just the solutions of the classical time-dependent Hamilton equations for h
dqi
dt
=
∂H
∂pi
,
dpi
dt
= −
∂H
∂qi
.
Furthermore, using Theorem 4.1, we deduce the following result.
Corollary 5.1. Let τ : M → R be a fibration and τ1,0 : J
1τ → M be the associated Lie
affgebroid modelled on the vector bundle π = (πM )|V τ : V τ → M . Let h : V
∗τ → T ∗M be a
Hamiltonian section and Rh be the Reeb vector field of the corresponding cosymplectic structure
(Ωh, η) on V
∗τ . Suppose that α is a closed 1-form on M and denote by Rαh the vector field on
M given by Rαh = Tπ
∗ ◦Rh ◦ µ ◦ α. Then, the following conditions are equivalent:
(i) For every integral curve t→ c(t) of Rαh , the curve t→ µ(α(c(t))) on V
∗τ satisfies the
Hamilton equations for h.
(ii) α satisfies the Hamilton-Jacobi equation dV τ (f(h, α)) = 0, that is, the function f(h, α)
is constant on the leaves of the vertical bundle to τ .
Remark 5.2. i) We recall that the function f(h, α) on M is characterized by the following
condition
α− h ◦ µ ◦ α = f(h, α)η.
ii) If the fibers of τ are connected then the equation dV τ (f(h, α)) = 0 holds if and only if the
function f(h, α) is constant on the fibers of τ .
♦
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Now, suppose that the fibration τ is trivial, that is, M = R × P and τ is the canonical
projection on the first factor. Then, the vector bundle π∗ : V ∗τ → M is isomorphic to the
product R×T ∗P (as a vector bundle overM = R×P ). Thus, a Hamiltonian section h : V ∗τ ∼=
R × T ∗P → T ∗M ∼= (R × R) × T ∗P may be identified with a time-dependent Hamiltonian
function H : R× T ∗P → R in such a way that
h(t, β) = (t,−H(t, β), β), for (t, β) ∈ R× T ∗P.
Moreover, if α is an exact 1-form onM , that is, α = dW with W a real function onM = R×P ,
then one may prove that the function f(h, dW ) is given by
f(h, dW )(t, q) =
∂W
∂t |(t,q)
+H(t, dWt(q)), for (t, q) ∈M = R× P,
where Wt : P → R is the real function on P defined by
Wt(q) = W (t, q).
Thus, if P is connected the equation
dV τ (f(h, dW )) = 0
holds if and only if the function
(t, q) ∈ R× P 7→
∂W
∂t |(t,q)
+H(t, dWt(q)) ∈ R
doesn’t depend on q.
This last condition may be locally expressed as follows:
∂W
∂t
+H(t, qi,
∂W
∂qi
) = constant on P
which is the classical time-dependent Hamilton-Jacobi equation for the function W (see [1]).
5.3. The Hamilton-Jacobi equation on the Atiyah affgebroid. Let p : Q → M be a
principal G-bundle. Denote by Φ : G × Q → Q the free action of G on Q and by TΦ :
G × TQ → TQ the tangent action of G on TQ. Then, one may consider the quotient vector
bundle πQ|G : TQ/G → M = Q/G and the sections of this vector bundle may be identified
with the vector fields on Q which are invariant under the action Φ. Using that every G-invariant
vector field on Q is p-projectable and that the usual Lie bracket on vector fields is closed with
respect to G-invariant vector fields, we can induce a Lie algebroid structure on TQ/G. This
Lie algebroid is called the Atiyah algebroid associated with the principal G-bundle p : Q → M
(see [7, 8]).
Now, suppose that ν :M → R is a fibration of M on R. Denote by τ : Q→ R the composition
τ = ν ◦ p. Then, Φ induces an action J1Φ : G× J1τ → J1τ of G on J1τ such that
J1Φ(g, j1t γ) = j
1
t (Φg ◦ γ),
for all g ∈ G and γ : I ⊂ R→ Q a local section of τ with t ∈ I. Moreover, the projection
τ1,0|G : J
1τ/G→M, [j1t γ] 7→ p(τ1,0(j
1
t γ)) = p(γ(t))
defines an affine bundle on M which is modelled on the quotient vector bundle
π|G : V τ/G→M, [uq] 7→ p(q), for uq ∈ Vqτ,
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π : V τ → Q being the vertical bundle of the fibration τ : Q→ R. Here, the action of G on V τ
is the restriction to V τ of the tangent action TΦ of G on TQ.
In addition, the bidual vector bundle of J1τ/G→M is πQ|G : TQ/G→M .
On the other hand, if t is the usual coordinate on R, the 1-form η = τ∗(dt) is G-invariant
and defines a non-zero 1-cocycle φ : TQ/G → R on the Atiyah algebroid TQ/G. Note that
φ−1{1} ∼= J1τ/G and therefore, one may consider the corresponding Lie affgebroid structure on
J1τ/G (see [11]). J1τ/G endowed with this structure is called the Atiyah affgebroid associated
with the principal G-bundle p : Q→M and the fibration ν :M → R (see [6, 11]).
The Lie group G acts on the vector bundles T ∗Q and V ∗τ in such a way that the dual vector
bundles to TQ/G and V τ/G may be identified with the quotient vector bundles T ∗Q/G and
V ∗τ/G, respectively (see [7]). Moreover, the canonical projection between the vector bundles
(J1τ/G)+ ∼= T ∗Q/G and V ∗τ/G is the map µ|G given by
(µ|G)[αq ] = [µ(αq)], for αq ∈ T
∗
qQ and q ∈ Q,
where µ : T ∗Q → V ∗τ is the projection between T ∗Q and V ∗τ . Thus, if h˜ : V ∗τ/G →
(J1τ/G)+ ∼= T ∗Q/G is a Hamiltonian section of µ|G then h˜ induces a G-equivariant Hamilto-
nian section h : V ∗τ → T ∗Q such that h˜ = h|G, that is,
h˜[αq] = [h(αq)], for αq ∈ V
∗
q τ and q ∈ Q.
Conversely, if h : V ∗τ → T ∗Q is a G-equivariant Hamiltonian section of µ : T ∗Q → V ∗τ then
h induces a Hamiltonian section h˜ : V ∗τ/G→ T ∗Q/G such that h˜ = h|G, that is,
h˜[αq] = [h(αq)], for αq ∈ V
∗
q τ and q ∈ Q.
Next, we will discuss the relation between the solutions of the Hamilton-Jacobi equation for
the Hamiltonians h and h˜. In fact, we will prove the following result.
Proposition 5.3. There exists a one-to-one correspondence between the solutions of the Ha-
milton-Jacobi equation for h|G and the G-invariant solutions of the Hamilton-Jacobi equation
for h.
Proof. If pTQ : TQ → TQ/G is the canonical projection then pTQ is a fiberwise bijective Lie
algebroid morphism over p : Q → M = Q/G. Thus, there exists a one-to-one correspondence
between the 1-cocycles of the Atiyah algebroid τQ|G : TQ/G→M = Q/G and the G-invariant
closed 1-forms on Q. Indeed, if α : Q → T ∗Q is a G-invariant closed 1-form on Q then
α|G :M = Q/G→ T ∗Q/G defined by
(α|G)([q]) = [α(q)], for q ∈ Q,
is a 1-cocycle of the Atiyah algebroid (note that α|G = (pTQ, p)
∗(α)). Moreover, if
α− h ◦ µ ◦ α = f(h, α)η
then
α|G− (h|G) ◦ (µ|G) ◦ (α|G) = (f(h, α)|G)φ,
where f(h, α)|G : M = Q/G → R is the real function on M which is characterized by the
condition
(5.2) (f(h, α)|G) ◦ p = f(h, α).
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Therefore, f(h|G,α|G) = f(h, α)|G.
On the other hand, if pV τ : V τ → V τ/G is the canonical projection then pV τ is a Lie algebroid
morphism over p : Q→M = Q/G and, from (5.2), it follows that
(pV τ , p)
∗(dV τ/G(f(h, α)|G)) = dV τ (f(h, α)).
Finally, using that pV τ is a fiberwise bijective morphism, we conclude that
dV τ/G(f(h, α)|G) = 0⇔ dV τ (f(h, α)) = 0,
which proves the result. 
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